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On partial inverse operations in the class of
preradicals of modules

Ion Jardan

Abstract

In the present work two partial operations in the class of preradicals
PR of the category R-Mod of left R-modules are defined and investi-
gated. They are inverse operations for product with respect to meet
and coproduct with respect to join. The criteria of existence of such op-
erations are indicated. Main properties of this operation and relations
with the lattice operations in PR are shown. Some particular cases are
mentioned.

1 Introduction and preliminary facts

This work is devoted to the theory of radicals of modules ([1]-[5]) and
contains the definitions and the investigations of two new operations in the
class of preradicals of a module category.

Let R be a ring with unity and R-Mod be the category of unitary left
R-modules. We remind that a preradical r of R-Mod is a subfunctor of
identity functor of R-Mod, i.e. r associates to every module M € R-Mod a
submodule r (M) C M such that f(r(M)) Cr(M’) for every R-morphism
f:M— M.

We denote by PR the class of all preradicals of the category R-Mod. In
this class four operation are defined [1]:
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1) the meet A of a family of preradicals {ra},cq :
(¢S

( A ra> M) N o (M), M € R-Mod:;
ae acd

2) the join \/91 ro of a family of preradicals {ra},cq:
ae

( v ra) (M) S vy (M), M € R-Mod;
aed acA

3) the product r-s of preradicals r,s € PR:
(r-s) (M) r(s(M)), M € R-Mod ;

4) the coproduct r#s of preradicals r,s € PR:

[(r 2 s) (M)]/s (M) &+ (0M/s (M) ), M € R-Mod.

In the class PR the partial order relation ” <7 is defined by the rule:

r1 <79 E24 r1 (M) Crq (M) for every M € R-Mod.

The class PR is a large complete lattice with respect to the operations of
meet and join.

We remark that in the book [1] the coproduct is denoted by (r : s) and is
defined by the rule [(r:s) (M)]/r (M) =s(M/r(M)),so (r#s)=(s:r).

The following properties of distributivity hold ([1]-[5]):

(1) (/\’/‘a)'SZ/\(’/‘a~S); (2) (\/’I“a)'S:\/(’I“a-S);
(3) (Ara)#s=NA(ro#s); (4) (Vra)#s=V(ro#s)
for every family {ro},coq €CPR and s e PR.

Using these relations some new inverse operations can be defined in the
class PR. Two of them, the left quotient with respect to join and the left
coquotient with respect to meet, have been defined and investigated in [11]
and [12]. In this work we will study other two inverse operations, namely, the
left quotient with respect to meet and the left coquotient with respect to join.
Similar questions are discussed in [8]-[10].

Now we remind the principal types of preradicals. A preradical r € PR is
called:

— idempotent preradical, if r (r (M)) =r (M) for every M € R-Mod (or

if ror=r);

— radical, if v (M/r(M)) =0 for every M € R-Mod (or if r#r =r);

— ddempotent radical, if both previous conditions are fulfilled;

— prime, if r #1 and for any t1,t3 € PR, t1 -ty <7 implies t; <r or

to <1 [6];
— coprime, if 7 #0 and for any ty,to € PR, ¢ #to > r implies t; > r
or ty >r [7];
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— A-prime, if for any t1,to € PR, t; A to < r implies t; <7 or to <r

[6];

— V-coprime, if for any t1,to € PR, t1V to > r implies 1 > 7 or to >7r
[7);

— rreducible, if for any t1,to € PR, ¢ty Aty =r implies ¢t1 =7 or to =1
[6];

— cotrreducible, if for any t1,t5 € PR, ¢; V to = r implies ¢; = r or
t2 =T [7]

The operations of meet and join are commutative and associative, while
the operations of product and coproduct are associative. By means of these
operations four preradicals are obtained which are arranged in the following
order:

r-s<rAs<rVs<r#s
for every r,s € PR.

During this work we will use the following facts and notions from general
theory of preradicals (see [1]—[7]).

Lemma 1.1. (Monotony of the product) For any $1,82 € PR, s1 < 85 im-
plies that r-s1 <r-59 and s1-r<ss-r for every r € PR. O

Lemma 1.2. (Monotony of the coproduct) For any s1,s2 € PR, $1 < s9
implies that T#s1 <T#5s9 and sy #r < so#r for every r € PR. O

Lemma 1.3. For every r,s,t € PR we have:
1) (r-s)#t>(r#t) (s#t);
2) (r#s)-t<(r-t)#(s-t). O
Definition 1.1. The equalizer of preradical r is the preradical
e(r) =N {rq €PR|ry-r=r}.

Definition 1.2. The co-equalizer of preradical r 1is the preradical
c(r)=V{rq ePR|ro#r=r}.

2 Left quotient with respect to meet

Now we introduce and investigate the inverse operation of product with
respect to meet in the class of preradicals PR of category R-Mod.

Definition 2.1. Let r,s € PR. The left quotient with respect to meet of r
by s is defined as the least preradical among r, € PR with the property
ro - > 1. We denote this preradical by r 7. s.
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We will call r the numerator and s the denominator of the quotient
. s.

Now we will study question on the existence of the left quotient with respect
to meet.

Lemma 2.1. Let r,s € PR. The left quotient r . s of r by s with
respect to meet exists if and only if r < s and it can be presented in the form
rY.s=AN{rqo €PR|ry-s>r}

Proof. (=) If the left quotient = . s exists, then there exists r, € PR
such that r, - s > r. Since 1 > r,, from the monotony of product we have
1-s>r,- s, therefore s> r.

(<) Let r <s. Then 1-s = s > r, therefore the family of prerad-
icals {ro, € PR|r,-s>r} is not empty. So we can consider the preradi-
cal A{ro, € PR| r, - s> r}, for which by distributivity of product relative to

meet we obtain A ro)-s= A (ro-s)>r. By the construction
Ta-S>T Ta S>T
it is clear that the preradical /\> ro is the least preradical of PR with
T S2>T

property 74-s > r. Therefore we have r 7. s = A{ro, €PR|r,- - s>r}. O

Moreover, by the proof of Lemma 2.1 we have that (r . s)- s > r, what
we will often use further.

Lemma 2.2. Let r,s € PR and r <s. Then r 7. s>r.

Proof. The condition 7 < s ensures the existence of the left quotient r 7. s.
Since r . s > (r 7. 8)- s, by the definition of the left quotient (r 7. s)- s >r,
it follows that r 7. s > r. O

The next two statements show the concordance of the left quotient r 7. s
with the order relation (<) of PR.

Proposition 2.3. (Monotony in the numerator) Let r,,r, € PR and r, <r,.
Then for every preradical s > 1, we have r, 7. s < r,7. s.
Proof. By Lemma 2.1 there exist the left quotients 7,7 s, 7,7 s and
Y S=A{rq EPR|rq-s>r}, 1 s:/\{rg € PR 7",'3- 527“2}.

Let r, <r, and r’ﬁ~ s >1r,. Then T/B' s > r,, so each r’B is one of preradi-
cals ro. Therefore A{ro, €PR|ry-s>r} <A {r;g € PR‘ r% - 5> rz}, ie.

s < ryYos.

Proposition 2.4. (Antimonotony in the denominator) Let s,,s, € PR and
s1 < 8,. Then for every preradical r < s, we have 1 7. s, >1T 7. S,.
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Proof. By Lemma 2.1 there exist the left quotients = 7. s;, r 7 s, and
T 8 =AN{ra EPR| 148, =71} and r % 822/\{7“;3 EIP’]R‘ T Sa Zr}.

Let ro - s, > 7. If s1 < s9, then from the monotony of product we have
o S1 < Ty - Sg, but r, - s; > r, therefore r, - s3 > r. So each prerad-
ical 7, is one of preradicals 7}, what implies A{ro, € PR| 74 s, > 7} >

/\{r'ﬁelP’R’rg~322r},i.e. TS >T . So. O
The following fact is very useful for the further investigations.

Proposition 2.5. Let r,s € PR and r < s. Then for every t € PR we
have:
r<t-s&r’7y s<t.

Proof. By Lemma 2.1 there exists the left quotient r % s and r % s =
A{roq €PR|ry - s>}

(=) Let t-s >r. Then ¢ is one of preradicals r,, therefore t >
AN ro €PR| 1o s>r} ie. t2>717 s

(<) Let r 7. s <t. From the monotony of product (r 7. s)-s<t- s,
but by the definition of the left quotient we have (r . s)- s > r, therefore
t-s>r. O

In continuation we show some properties of the studied operation.

Proposition 2.6. For every preradicals r,s € PR we have:
(r-s)v s<r.

Proof. Since r - s < s, then there exists the left quotient (r - s) . s
and from Lemma 2.1 (r - s) % s = A{ta €EPR|t,- s>r - s}. Because
r - s >r - s, the preradical r is one of preradicals t,, therefore r >
AN toa EPR| ty- s>71 - s}t ie r>(r-s)7 s O

Proposition 2.7. Let r,s € PR. The following relations are true:

1) (rovs)yt =17 (t-s) for any preradical t with the property
t-s>r;

2) (r-s)vt<r-(s#t) forany preradical t > s.

Proof. 1) If r <t - s, then there exists the left quotient = . (¢ - s). In this
case, since t - s < s we have r <s, so there exists the left quotient r 7. s.
Moreover, by Proposition 2.5 t-s > r < r /. s < t, which ensures the existence
of the left quotient (r 7. s) % t. From Lemma 2.1 we have r % (¢t -s) =
ANra €PR|rq-(t-s)>r} and (r7. s) vt=A{tg € PR|tg-t>r" s}

(<) Let rq-(t-s) > r. Since (ro-t)-s = 14 (t-s) we have
(roa-t)- s >r, but r % s is the least preradical with such property, so



ON PARTIAL INVERSE OPERATIONS 20

ro -t > 1 7. s. Hence each 1, 1is one of preradicals t¢g, which implies
that for any r, we have ro, > A{tg € PR|tg-t>r . s} for every a,
therefore A{ro, €PR|7o-(t-s)>1} > A{tg € PR|tg-t>1r". s} , ie.
T (E-8) > (r Y s) Y t.

(>) Let tg-t > r . s. Using the associativity and the monotony of
product of preradicals we obtain tg - (t-s) = (tg-t)- s > (r*. s)- s,
by the definition of the left quotient (r 7. s)- s > r, s0o tg-(t-s) >
r. This shows that each preradical tg is one of preradicals 7, there-
fore we have A{tg € PR|tg-t>1r " s} > A{rq €PR|rq-(t-s)>r}, ie
(rvy.s)yyvt=>ry (t-s).

2) The relation s < ¢ ensures the existence of the left quotient s 7. ¢
and since r - s <s we have r - s < t, so there exists and the left quotient
(r-s)7 t.

By the definition of the left quotient s < (s 7. t)- t. Using the monotony
and the property of associativity of product of preradicals it follows that r -
s<r-[(svt)y-t] =[r- (s t)]-t. Applying Proposition 2.5 for relation
r-s<[r-(s%t)-t weobtain (r-s) vt <r- (s 1t). O

Proposition 2.8. Let r,s,t € PR and r <s. Then the following relations
hold:

) (ryt)yyv(svt)y<rys or (rvs)-(svt)>rvt forany
preradical t > s;

2) (r-t)v. (s-t)<r% s forany preradical t € PR.

Proof. 1) The conditions r < s and s <t ensure the existence of the left
quotients r 7. s and s 7. t. In this case, since r < s and s <t we have
r < t, so there exists the left quotient = /. t. Moreover, since r < s, from
the monotony of the left quotient it follows that r 7. t < s /. ¢, which ensures
the existence of the left quotient (r 7. ¢) . (s 7. t).

From Proposition 2.5 the relations of this statement are equivalent.

By the definition of the left quotient r < (r #. s)- s and s < (s t)- t.
Therefore, using the monotony and the associativity of product we obtain r <
(ros)-s<(rvs)lsyt)y-t]=][(r " s) (s t)]-t. Applying Proposition
2.5 for the relation = < [(r 7. s)- (s /. t)]-t wehave r .t < (r 7. s)-(s V. t).

2) The condition r < s ensures the existence of the left quotient r 7. s.
In this case, by the monotony of product we have r -t < s -t for every
t € PR, so there exists the left quotient (r - ¢) 7. (s - t).

From Proposition 2.5 the relation of this statement is equivalent to the
relation r -t < (r 7. s)-(s - t).

By the definition of the left quotient r < (r /. s)- s, therefore applying the
monotony and the associativity of product we obtain r -t < [(r V. s)- s]- t =
(r s)-(s-t). O
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Now we will discuss the question on the relations beetween the left quotient
with respect to meet and the lattice operations of PR.

Proposition 2.9. (The left distributivity of the left quotient r 7. s relative to
join) Let s € PR. Then for any family of preradicals {r, € PR|r, < s, a € A}
the following relation holds:

<a\6/2lra) V. s = a\E/Ql (ra?. s).

Proof. The relations 7, < s, @ € 20 ensure the existence of the left quotients
ro . 8, @ € A. But in this case V r, < s, so there exists the left quotient

acA
Vor S
(aeﬂ a) /

(<) By the definition of the left quotient r, < (ro*. s)- s forall a €2,
which implies that \/m ro < \/91 [(ra 7. s)- s]. Using the distributivity of
aE ac

product of preradicals relative to join V 1, < [ Vo (ra . s)] - s. Applying
aeA ac
Proposition 2.5 we obtain ( Vorg | v s< V (rg 8).
acA aeA

>) B L 2.1 \Y . = Aqt PR|tg- s> V
(>) From Lemma (aeﬂra> V. s {/36 | ts S_aegtra}

and 747 s=A{r, e PR| 7} s > ry}.
Let tg-s > V 7o Since V ro > r, for every a € A we have
ac? aed

tg - s > Tqa, hence each preradical tz is one of preradicals 1. There-

fore /\{tg ePR| tg- s> Ot\e/mm} > ANy, ePR|r) - s > r,} for every
a € 2, ie. ( \/2( ra> N.os > 1y’ s for every a € 2, which implies that
[e1S
V Nos >V ~.S). L]
(aemra> h82 acA (Ta / S)

Proposition 2.10. In the class PR the following relations are true:

1 A Nos <A . h < A

) <a€mra> Nz s_aem(ra V. 8), when ro < s forany a € U;

2 . ol > . Sa), h < Sq ;

)r/(a/e\gls>a\6/m(r/s)wenr Sa forany aeA

3) r. ( vV sa) < A (r 7. 8a), when r < s, forany o€
ae acl

Proof. 1) The conditions r, < s, «a € 2 ensure the existence of the left
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quotients r, 7. s, a € 2. But in this case /\91 ro < 8, so there exists the left
ac

quotient A ro | Y s.
acA
By the definition of the left quotient we have r, < (ro % s)- s for
any « € 2, which implies that /\91 To < /\Q‘ [(ro?. s)- s]. Applying the
[e1S ac

distributivity of product of preradicals relative to meet it follows that /\Ql To <
ae

{ /\QL (ra?. s)} - s and from Proposition 2.5 we obtain ( /\91 ra> Nos <
ac ac

oc/E\Q( (ra?. s).

2) The conditions r < s,, « € 2 ensure the existence of the left quotients
r 7 Sa, a € 2. Butin this case r < /\2{ Sa, Which implies the existence of
aE

the left quotient r %. ( A sa).
acA

For any « € 2 we have /\Ql Sa < Sq. Using Proposition 2.4 we ob-
ac

tain r 7. < A sa> > 17 sq forall a € A, therefore r 7. ( A sa) >
ac ac

a\e/m (r 7. Sa)-

3) The conditions r < s,, « € 2 ensure the existence of the left quotients
r Y. Sa, «a € 2A. Moreover, in this case r < \/Ql Sa, SO there exists the left
(o1

quotient r 7. ( \ sa).
ac
For any «a € 2 we have \/Ql Sa = Sq. Using Proposition 2.4 we ob-
ae

tain r 7. < V 5a> < r 7% s, forall a € A, therefore r 7. ( \Y, sa) <
ac ac

Y. Sa)- O
aéﬂ(r /-8 )

Now we will consider some particular cases of the left quotient r 7. s.

Proposition 2.11. Let r,s € PR. Then:
1) r % r=-e(r) (see Definition 1.1);
2) rol=ry
3) 04 s=0.
Proof. Using the definition of the left quotient we obtain:
Dryr=ANrea €PR|rq-r>r}=A{rqa €PR|rq-r=r}=ce(r);
2) rY 1=A{ro €PR| 1o - 1>r}=A{rqo €PR| 1y >7r}=r;
3) 0 s=A{rqa €PR|ryq-s>0}=A{ry| ro € PR} =0. O
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By Proposition 2.11 we have the following particular cases:
(1) 0. 0=0; (2)1v 1=1.
Applying to the relation r < s <1 the statement of Proposition 2.4, we
obtain r . r>r 7 s>r7 1, hence r<r v s<e(r).
Moreover, the distributivity of product of preradicals relative to meet im-

Ta T=T T T=T

plies e (r) 'r< AN To)-T= A (ro-r)=r forevery rePR.
The following statement shows some properties of equalizer.

Proposition 2.12. Let r,s € PR and r <s. Then:

1) e(r)-(rv s)=r"s;

2) (rv.os)-e(s)=r"s;

3) (rv.s)ve(s)=r" s.
Proof. The condition 7 < s ensures the existence of the left quotient r 7. s.
1) e(r)-(r7v.s)=(r7r) (r% s). Applying Proposition 2.8(1) we obtain
(royr)y-(ry.s)y=rn s,but (ror)-(rovs)<r?y s,so e(r)-(rvs)=
T . S.
2) (rv s)-e(s)=(r" s) (s s). Applying Proposition 2.8(1) we obtain
(ro.s)-(svs)>r% s,but (rv.s)-(s%s)<r%sso (rvys)e(s)=
r Y. s.
3) (r7. s)v e(s)=(r7s)Y (s s). Using Proposition 2.8(1) we obtain
(ro.s)y (s s)<r7% s but from Lemma 2.2 (r 7. s) . (s V. 8) >1 % s,
so we have (r 7. s) V. e(s)=r". s.

O

We will now consider the case of idempotent preradicals.

Remark 2.13. ([5]) For every preradical r € PR we have e(r) is an
idempotent preradical.

Proof. e(r)-e(r) = (r v r)-(r v r). From Proposition 2.8(1) we have
(ryr)-(ryr)y>ryr,but (ryr)-(ry.r) <r+ r hence e(r) e(r) =e(r),
i.e. e(r) is an idempotent preradical. O

Proposition 2.14. ([5]) The preradical r € PR is idempotent if and only if
e(r)=r.

Proof. (=) By Definition 1.2 e(r) = A{ro €PR|rq-r=r} If risan
idempotent preradical, i.e. 7 - r = r, then r is one of preradicals 7.
Therefore r > A{r, €PR| 1o -7 =7}, le. 7 > e(r), but e(r) > r, so
e(r)=r.

(«<) Let e(r)=r. Then r-r=e(r)-r. Since e(r)-r=r,s0 r-1r=r,
i.e. 7 is idempotent. O
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Moreover, since r <r . s <e(r),if r isidempotent, then r 7. s=r.

Proposition 2.15. Let r,s € PR and s be an idempotent preradical. Then:
1) rvs<s with r<s;

2) (ro.s)-s=rr s with r<s;
3) (rv.s)vs=r%s with r<s;
4) (r-s)v s=r-s.

Proof. 1) The condition r < s ensures the existence of the left quotient 7 7. s.
Let r <s . From the monotony of the left quotient r V. s <s 7 s. If s
is idempotent, then r 7. s < s.
2) The condition r < s ensures the existence of the left quotient r *. s.
If s is an idempotent preradical, then (r . s)- s=(r " s)-e(s). By
Proposition 2.12 we obtain (r #. s)- s =1 %. s.
3) The condition r < s ensures the existence of the left quotient r *. s.
Moreover, from 1) r . s < s, which implies the existence of the left quotient
(r 7. s) . s.
From Proposition 2.7(1) (r 7. s) V. s=r% (s - s). If s is an idempotent
preradical, then (r . s) V. s=7r % s.
4) From Proposition 2.7(2) (r - s) . s <r -(s 7. s). If s is an idempotent
preradical, then (r - s) . s <r - s. But from Lemma 2.2 (r - s) V. s > r - s,
therefore (r - s) v s=1r-s. O

The next two statements show when the cancellation properties for the left
quotient hold (see Proposition 2.6).

Proposition 2.16. Let r,s € PR. The following conditions are equivalent:
Dr=(r-s) 7 s;
2) r=t% s for some preradical t < s.

Proof. The condition t < s ensures the existence of the left quotient ¢ . s.
1)=2) If r=(r-s)" s, then r=¢7% s with t=r - s.
2)=1) Let r=1t". s for some preradical t < s. By the definition of the
left quotient (¢ 7. s)- s > ¢. Using the monotony of the left quotient we obtain
[(t 7. s)-s] % s>t s. But from Proposition 2.6 [(t 7. s)- s] V% s <t s,
thus [(t 7. s)-s] . s=t%. s. Since t*. s=r, wehave (r-s) v s=r. O

Proposition 2.17. Let r,s € PR. The following conditions are equivalent:
Dr=(rvs) s with r<s;
2)r=t-s for some preradical t € PR.
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Proof. The condition r < s ensures the existence of the left quotient r 7. s.
1)=2) If r=(r+ s)-s,then r=t-s with t=7r" s.
2) = 1) Let r=t-s for some preradical ¢t € PR. By Proposition 2.6
(t - s) . s <t. Applying the monotony of product we obtain [(t - s) 7. s]- s <
t - s. But from the definition of the left quotient [(t - s) V. s s >t - s,
therefore [(t - s) . s]- s=1¢-s. Since t-s=r,wehave (r 7. s)-s=r. O

Now we will study the behaviour of the left quotient r *. s in the case of
such types of preradicals as coprime, V-coprime and coirreducible (see Section
1).

Proposition 2.18. If r is a coprime preradical, then the preradical T 7. s
s coprime for any preradical s > r.

Proof. The condition 7 < s ensures the existence of the left quotient 7 7. s.

Let the preradical r # 0 be coprime and ¢;# to > r V. s for some
preradicals t1, to € PR. Using Proposition 2.5 we obtain r < (1 # t2) - s.
From Lemma 1.3(2) (t1# t2)- s < (t1- 8)# (2 5),80 r < (t1- 8)# (t2- ).
Since r is coprime, it follows that » < ¢1-s or r < t5-s. Applying Proposition
2.5 we obtain r V. s <t; or r 7% s < ty. So for every t;,ts € PR with
ti# ta >1r % s wehave t1 > 7 /. s or ty > r /. s, which means that the
preradical r 7. s is coprime. O

Proposition 2.19. If the preradical r is V-coprime, then the preradical
r . s is V-coprime for any preradical s> .

Proof. The condition r < s ensures the existence of the left quotient r 7. s.

Let r be V-coprime and t;Vis > 71 7. s, for some preradicals t1, to € PR.
Applying Proposition 2.5 we obtain r < (¢; V t3) - s. From the distributivity
of product of preradicals relative to join r < (1 - 8) V (t3- s). Since r is
V-coprime it follows that r <t;-s or r <ty- s. From Proposition 2.5 we
obtain r . s <t; or 7’ s <ty. So for every preradicals t;, to € PR with
tiViyg >r Y s wehave t1 >r 7 s or ty > r ‘. s, which means that the
preradical r . s is V-coprime. O]

Proposition 2.20. Let r,s € PR and r =t -s for some preradical t € PR.
If the preradical r is coirreducible, then the preradical v Y. s is coirreducible.

Proof. By the condition r =t -s we have r < s, which ensures the existence
of the left quotient 7 7. s.

Let r be coirreducible and r . s = t1V ty for some preradicals t1, to € PR.
If r=1t-s for some preradical t, then by Proposition 2.17 r = (r 7. s) - s,
thus 7 = (¢;V t2) - s. From the distributivity of product of preradicals
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relative to join 7 = (t1 - s) V (t2 - s). Since r is coirreducible it follows that
ti-s=1r or ty-s=r.

If t;- s = r, then from Proposition 2.5 we have t; > r 7/ s. But
t1 <tV tyo =717 s, therefore t; =7r 7y s.

If t5- s =r, then similarly we obtain to =7 7. s.

So for every preradicals t1,t; € PR with ¢V to = r /. s we have
ti =17 s or to = r % s, which means that the preradical r 7. s is
coirreducible. O

Moreover, if the preradical 7 is coprime, then its equalizer e (r) is coprime
(17))-

The operation of the left quotient with respect to meet implies some order
relations between the associated preradicals.

Corollary 2.21. 1) For every preradicals r,s € PR with r < s the following
relations hold:
res<(r-s)Vs<r<(rvs-s<ry s;
2) If the preradical s is idempotent, then
ros=r-s)Vs<r<(rvs)-s=r7ys<s
for every preradical r < s. O

3 Left coquotient with respect to join

In this section the similar questions are discussed as in the preceding one
for the inverse operation of coproduct with respect to join in the class of
preradicals PR of category R-Mod.

Definition 3.1. Let r,s € PR. The left coquotient with respect to join of r
by s is defined as the greatest preradical among r, € PR with the property
ra#s < r. We denote this preradical by r 4 s.

We will call r the numerator and s the denominator of the left coquotient
TV S.

The following statement is the answer to the question on the existence of
the left coquotient with respect to join.

Lemma 3.1. Let r,s € PR. The left coquotient r“ys of r by s with
respect to join exists if and only if r > s and it can be presented in the form
rs=V{r, €PR| ro#s <r}.

Proof. (=) Let there exists the left coquotient r Y4 s. Then 3Ir, € PR such
that ro#s <r. Since 0 < r,, from the monotony of coproduct of preradicals
we obtain 0#s < r,#s,i.e s<ry#s, therefore s <r.
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(<) Let r > s. Then O#s = s < r, therefore the family of preradi-
cals {ro, € PR| ro#s<r} is not empty. So we can consider the preradi-
cal V{r, € PR| r,#s <r}. Using the distributivity of coproduct relative

to join of preradicals we have V. ro|#s=V (ro#s), but since
Ta#s<T ro #S8<T
ro#8 < r for every preradical r, it follows that Vv B (ra#s) <, ie.
Ta #S sr

( \% - ra> #s < r. By the construction of this preradical is clear that it
Ta#S<T

is the greatest preradical of PR with the property 7, #s < r. Therefore
V{rqa EPR| rq#s<r}=rY%s. O

Moreover, by the proof of Lemma 3.1 we have that (rV4 s)#s <.
Lemma 3.2. For every r,s € PR with r > s we have rYs <r.

Proof. The condition r > s ensures the existence of the left coquotient 7 Y s.
Since 1TV s < (rVs)#s, by the definition of the left coquotient we obtain
that rv s <. O

Now we show the behaviour of the left coquotient relative to the partial
order (<) of the class PR.

Proposition 3.3. (Monotony in the numerator) Let r,,r, € PR and r, <r,.
Then for every preradical s <1, we have 1, Vs < T, % S.

Proof. Since s < r, < r,, from Lemma 3.1 there exist the left coquo-
tients 7, Vs, raVes and 7 Vs = V{rqa EPR|ro#s<r}, maVes =
\/{r% S PR’ rb#s < rz}.

The relations r, <r, and ro#s <r; imply ro#s <r,, soeach r, is
one of preradicals 75, from where it follows that V{r, € PR|ro#s <7} <
v{r;;EPR’r;g#sgrz}?so Ve 8 < Ty Vi S. O

Proposition 3.4. (Antimonotony in the denominator) Let s,,s, € PR and
s, < 8,. Then for every preradical v > s, we have 1V 8, > 1Y% S..

Proof. Since r > s, > s; from Lemma 3.1 there exist the left coquotient
TV S1, TV S, and TVhs, = V{ra €PR|ro#s, <r} and rV%s, =
\/{rb S PR’ r%#sz < r}.

Let s1 < s9, from the monotony of coproduct of preradicals we have
r’ﬁ #8 < rg # 89, but if r’B # 89 < r, then r’B # s1 < r. Therefore each preradi-

Tl # S Sr} <

cal 7} is one of preradicals 7, which implies that Vv {rg € PR
V{re €EPR| ro#s; <1} ie. 7Y% sy <1V sy
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The next statement is useful for applications.

Proposition 3.5. Let r,s € PR and r > s. Then for every preradical
t € PR we have:
r>t#ssrVyps>t.

Proof. From Lemma 3.1 there exists the left coquotient rv4 s and rY4s =
V{rq € PR| ro#s <r}.

(=) Let t#s < r. Then ¢ is one of preradicals r,, hence ¢ <
V{ra EPR| rq#s <71} =1rY%s.

(<) Let ¢t <7 s. From the monotony of coproduct t#s < (rV4s) #5 .
By the definition of the left coquotient we have (1“4 s) #s <r, thus t#s <
r. O

In the following statements some properties of the left coquotient are indi-
cated.

Proposition 3.6. For every preradicals r,s € PR we have:
(r#s)Vs>r.

Proof. Since r#s > s, from Lemma 3.1 there exists the left coquotient
(r#s)s and (r#s)es=V{ra € PR| ro#s<r#s}.

Since r#s < r#s, we have that the preradical r is one of preradicals
To, therefore 7 < V{r, €PR|ro#s<r#s} ie r<(r#s)%s. O

Proposition 3.7. Let r,s,t € PR. The following relations are true:
1) (P s) Yt =1 (t#s) with r>t#s;
2) (r#s)t > r#(sVut) with s>t.

Proof. 1) If r > t#s, then there exists the left coquotient Y4 (t#s). In
this case, since t#s > s we have r > s, so there exists the left coquotient
r V4 s. Moreover, by Proposition 3.5 t#s < r < rVY4s > t, which ensures
the existence of the left coquotient (r ¥4 s)“4t. From Lemma 3.1 we have
rs=V{rqa €EPR| ro#s<r}, ru(t#s)=V{sg €PR|sg#(t#s) <r}
and (rVes)ut=V{ty € PR|ty#t <r%s}.

(<) Let ty#t < r¥%s. Using the monotony of coproduct of preradi-
cals we obtain (ty#t)#s < (r“ s)#s, but from the definition of the left
coquotient (V4 s)#s < r,so (ty#t) #s < r. By the associativity of co-
product of preradicals we have t,# (t#s) < r, which means that each pre-
radical t, is one of preradicals sg, therefore V{t, € PR|t,#t <71 s} <
V{sg € PR| sg#(t#s) <r}ie (r¥s) Lt < rvu(tss).
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(>) Let sg#(t#s) < r. Since (sg#t)#s = sg#(t#s) we have
(3,3 #t)#s <r,but rv s isthe greatest preradical among r, € PR with the
property 7o #5 < 7,50 sg#t < 1Y s, which means that sg is one of prerad-
icals ¢,. Thus V{sg € PR|sg# (t#s) <r} < V{t, e PR|t,#t <rs},
fe. TV (t#s) < (rVus) Yt
2) The condition s >t ensures the existence of the left coquotient s Y4 t.
Moreover, since r# s > s we have r# s > t, so there exists the left coquotient
(r#s) Vgt
By the definition of the left coquotient s > (54 t) # ¢, from the monotony
and the property of associativity of coproduct we obtain r# s > r# [(s V4 t) #t]
[r# (s%t)]#t. Applying Proposition 3.5 we have (r#s)Vut > r#(sV%t).
O

Proposition 3.8. Let r,s,t € PR and r > s. The following relations hold:
1) (rYet) Ve (sVet) > rves or (rYes)#(sVut) <rvut for every pre-
radical t <'s;
2) (r#t) e (s#t) >rYus for every preradical t € PR.

Proof. 1) The condition r > s ensures the existence of the left coquotient
r V% s. In the this case if t < s, then r > t, so there exist the left coquotients
sVt and rY4t. Moreover, since r > s, from the monotony of the left
coquotient we have 1“4t > sY,t, which ensures the existence of the left
coquotien (74 t) Vi (s V4 t).
From Proposition 3.5 we have
(r%t) % (sht) Zrhs e (rgs)#(s%t) <rgt

By the definition of the left coquotient r > (r¥4 s)#s and s > (sVt) #t.
Using the monotony and the property of associativity of coproduct we ob-
tain r > (rves)#s > (rves)# [(sVut)#t] = [(r Ve s)# (s t)] #t. Applying
Proposition 3.5 we have 74t > (rVi s) # (s Vi t).

2) The condition r > s ensures the existence of the left coquotient r 4 s.
Moreover, from the monotony of coproduct we have r#t > s#t for ev-
ery preradical ¢ € PR, which implies the existence of the left coquotient
(r#t) % (s#t).

From Proposition 3.5 the relation of this statement is equivalent to the
relation r#t > (7Y s)# (s#t).

By the definition of the left coquotient r > (r V4 s) # s, using the monotony
and the property of associativity of coproduct of preradicals we obtain 7 #¢ >
[(rves)#s]#t=(rVus)#(s#t). O

The following two statements show the relation between the left coquotient
with respect to join and the lattice operations of PR.
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Proposition 3.9. (The left distributivity of the left coquotient 1V s rela-
tive to meet) For any preradical s € PR and for any family of preradicals
{roa € PR|7y > s, . € A} the following relation holds:

(chame) 5= 2 0a )

Proof. The relations r, > s, a € 2 ensures the existence of the left coquo-
tients 7, V% s, a € 2. But in this case /\Q[ ro > 8, so there exists the left
(o1

coquotient < A ra> Vi S.
ac

< . @ v = < @
(<) From Lemma 3.1 (a/e\mr ) e \/{thIP’RHg#sa/e\mr }

and 74 % s=V{r, e PR|ri#s < rq}.
Let tg#s< A 7. Since A rq <71, forevery a € A wehave tg#s <
acA acA

o, which means that each preradical ¢g is one of preradicals r/. This implies

\/{tﬂGPR| tg#s < /\Q[ra} <V{r, e PR|r,#s < ro} forevery ae,
ac
therefore \/{tﬁe]P’]R| tg#s< A ra} < A (V{rh ePR|rL#s < ra}),
ac ac

i.e. v < v .
L€ (o/e\mro‘> S S a/e\m(ra b s)

(>) By the definition of the left coquotient we have rq > (rq V% s) #s for
every « € 2, which implies that /\Q‘ T > /\m [(ra Y 8) # s]. From the dis-
ae ae

tributivity of coproduct of preradicals relative to meet it follows that /\91 To >
(1S

aeA

o/e\m (ro Vi s). O

[ A (o Vi s)] # 5. Using Proposition 3.5 we obtain that ( /\Q[ ra) Vig § >
ae

Proposition 3.10. In the class PR the following relations are true:

1 v > Vv, > .
) <a\€/mra) 1y 8 > a\G/Ql (ra Vi 8) for ro >s, a€;
v > v > -
2) r Aﬁ(o/e\ﬁ sa> > a\e/Ql (rv4 sq) for r>sq, a €
V, < V, > .
3)r @(a\e/msa) _a/e\m(r T So) for 7> 84, €A

Proof. 1) The conditions 7, > s, @ € 2 ensure the existence of the left
coquotients r, Y s, a € 2. In this case \/Ql o > 8, S0 there exists the left
ac
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coquotient ( V ra) Vg S.
ae
By the definition of the left coquotient we have r, > (ro Y s)#s for
every a € 2, which implies that \/QL To > \/91 [(ra V4 s) #s]. From the dis-
ae [e1S
tributivity of coproduct of preradicals relative to join it follows that \/Ql To >
ae
{ Vo (ra Y% s)] #s. Applying Proposition 3.5 we obtain ( \Y ra> Vie S >
aell ae
\Y v .
aeA (’I“a s S)
2) The conditions r > s,, a € 2 ensure the existence of the left coquo-
tients 7“4 Sq, a € 2A. Moreover, in this case r > /\Ql Sa, which implies the
aec

existence of the left coquotient 7 V4 ( /\91 sa).
agc

Since /\Ql Sa < 84 for every «a € 2, from Proposition 3.4 we have
(o1

A, > A, A > A, .
T N (a/E\Ql sa) > 1’ s, forall a €A, therefore r 7y (o/G\Ql 5a> > a\G/Ql (7 Y% Sa)

3) The conditions r > s,, @ € 2 ensure the existence of the left coquo-
tients r V4 Sq, o € . In this case r > \/Q[ S«, which implies the existence of
ac

the left coquotient r%( V sa>.
ac

For every a € 2 we have \/Ql Sa = Sq. Using the antimonotony in the
ae

denominator of the left coquotient it follows that r ( \/Q[ sa) < rVu s, for
ae

11 heref v < v, .
all « € 2, therefore 7Y <a\€/msa> < a/e\Ql (r Y% Sa) O

In continuation we study some particular cases of the left coquotient with
respect to join.

Proposition 3.11. Let r,s € PR. Then:
1) rvur=c(r) (see Definition 1.2);
2) rv0=r;
3) 1% s=1.
Proof. From the definition of the left coquotient we obtain:
D rur=vV{rqa €PR| ro#r <r}=V{r, €ePR| ro#r=r}=c(r);
2) 1% 0=V{rq €PR|rq#0<7r}=V{ry € PR|ry <71} =r;
3) 1% s=V{ra €PR|ro#s<1}=V{ry| ra €ePR} =1. O
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By Propositions 3.11 we have the following particular cases:

(1) 0% 0=0; (2) 1 1=1.
Applying to the relation r > s > 0 Proposition 3.4 we obtain that
TV <1TVes<rv0,ie c(r) <rVgps<r.
Moreover, from the distributivity of product of preradicals relative to join

we obtain c¢(r)#r = < Vo 1o | #r = #\/ (ra#r) = r for every
r=r

Toa HT=T T
r € PR.
The following statement shows some properties of the co-equalizer.

Proposition 3.12. If r,s € PR and r > s, then:

D c(r)# (rgs) =rks;

2) (rps)#c(s)=r%s;

3) (1 s)hc(s)=1%s.

Proof. The condition r > s ensures the existence of the left coquotient 7 Y s.

1) e(r)# (rvs) = (rvr)#(rvs). From Proposition 3.8(1) we have
(rYper)#(rves) <rVgs, but (rYer)#(rvs) >rvus, so c(r)# (rs) =
T Vs S.

2) (rvgs)#c(s) = (rVies)#(sVs). From Proposition 3.8(1) we have
(rvus)#(sVs) <rvus, but (rVes)#(sVs) >rVus, so (rVigs)#c(s) =
TV S.

3) (r¥es)Yc(s) = (rVs) V% (sV s). Using Proposition 3.8(1) we obtain
(r 8) e (V4 8) > 1Y s, but from Lemma 3.2 (74 8) Y (s ) < 7Y%, so
(r%s)%c(s) =1%s.

O

We will now consider the case of radical.

Remark 3.13. ([5]) For every preradical v € PR we have c(r) is a radical.

Proof. c(r)#c(r) = (rvier)# (rr). From Proposition 3.8(1) we have that
(rYpr)# (rver) <rVupr, but (r¥gr)#(rver) >rYr, hence c(r)#c(r) =
c(r), ie. c¢(r) is aradical. O

Proposition 3.14. ([5]) Preradical r is a radical if and only if c(r) =r.

Proof. (=) By Definition 1.2 ¢(r) = V{r, € PR| rqo#r=r}. Let r is
a radical, i.e. 7#7r = r, hence the preradical r 1is one of preradicals 7.
Therefore r < V{r, € PR| ro#r =1}, ie. r < c(r), but c(r) <r, so
c(r)y=r.

(<) Let ¢(r)=r. Then r#r=c(r)#r,but c(r)#r=r,so0 r#r=r,
which means that the preradical r is a radical. O
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Moreover, since ¢ (r) <rvus <r,if r isaradical, then 74 s=r.

Proposition 3.15. Let r,s € PR and s is a radical. Then:
1) rVps>s with r>s;

2) (rvus)#s=rYs with r>s;
3) (rvus)us=rY%s with r>s;
4) (r#s)s=r#s.

Proof. 1) The condition r > s ensures the existence of the left coquotient
TV S.

Let r > s . From the monotony of the left coquotient =4 s > sV s. If
s is a radical, then r 7. s> s.
2) The condition r > s ensures the existence of the left coquotient r V4 s.

If s is aradical, then (r“is)#s = (rvs)#c(s), but Proposition 3.12
(r¥gs)#c(s)=rVs, so (rvs)#s=1r%s.
3) The condition r > s ensures the existence of the left coquotient r V4 s.
Moreover, by 1) 74 s > s, which implies the existence of the left coquotient
(7% $) Ve s

From Proposition 3.7(1) (rVks)“es=1Y% (s#s). If s is a radical, then
(rV 8) Ve s =1V s.
4) From Proposition 3.7(2) (r#s)s > r#(s%s). If s is a radical,
then (r#s)% s > r#s. But by Lemma 3.2 (r#s)“% s < r#s, therefore
(r#s)s=r#s. O

In the next two statements it is shown when the cancellation properties for
the left coquotient hold (see Proposition 3.6).

Proposition 3.16. Let r,s € PR. The following conditions are equivalent:
1) r=(r#s)%s;
2) r =1t s for some preradical t > s.

Proof. The condition ¢ > s ensures the existence of the left coquotient ¢ Y s.
1)=2) Let r=(r#s)%s. Then r=1¢%s with t =r#s.

2) = 1) Let r = tY% s for some preradical t > s. By the defini-
tion of the left coquotient (¢v4 s)#s < t. Applying the monotony of the
left coquotient we obtain [(¢£V4 s) # 8]V s < t V4 s, but from Proposition 3.6
(Ve s)# s s >t Vs, thus [(6V4s)#8] Vs =1t%s. Since tVs=r1r we
have (r#s)Vus=r. O

Proposition 3.17. Let r,s € PR. The following conditions are equivalent:
1) r=(rY%s)#s with r>s;
2) r=t#s for some preradical t € PR.
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Proof. The condition r > s ensures the existence of the left coquotient r 4 s.
1)=2) Let r=(r%s)#s. Then r=t#s with t =rY%s.

2) = 1) Let r =t#s for some preradical ¢ € PR. By Proposition 3.6
(t#s) Y s > t. Using the monotony of coproduct we obtain [(t#s) V4 s]# s >
t#s, but from the definition of the left coquotient [(t# )4 s]#s < t#s,
thus [((#8) Vi s]#s=t#s. Since t#s=r, we have (r¥ys)#s=r. O

In continuation we indicate the behaviour of the left coquotient 7Y s in
the case of such types of preradicals as prime, A-prime and irreducible.

Proposition 3.18. If r s a prime preradical, then r“js 1is a prime
preradical for any preradical s <.

Proof. The condition r > s ensures the existence of the left coquotient 7 Y s.

Let the preradical r # 1 be prime and t; - to < 74 s for some preradicals
t1, to € PR. From Proposition 3.5 we have r > (t; - t2) #s. By Lemma 1.3(1)
(t1 - to)#s > (t1#S) - (ta#s), so r > (t1#8) - (ta#s). Since r is prime, it
follows that = > t1#s or r > to#s. Using Proposition 3.5 we obtain
rVs >t or TVus >ty So for every t1,ty € PR with ¢ - to < rVs
we have t; < rVys or ts <r“s, which means that the preradical 7“4 s
is prime. O

Proposition 3.19. If the preradical r is A-prime, then the preradical 1) s
is A-prime for any preradical s < r.

Proof. The condition r > s ensures the existence of the left coquotient r 4 s.

Let r be A-prime and t; Aty < 1Y s for some preradicals ti, to € PR.
From Proposition 3.5 we have r > (t; Aty)#s. Using the distributivity of
coproduct of preradicals relative to meet we obtain r > (ti#s) A (t2#S).
Since r is A-prime, it follows that r > t1#s or r > to# s. From Proposition
35 Vs>t or rVus > ty. So for every preradicals t1, to € PR with
ti1 ANta < 1rVys wehave t1 < rvys or to < rYs, which means that the
preradical rY4 s is A-prime. O

Proposition 3.20. Let r,s € PR and r =t#s for some preradical t € PR.
If the preradical r 1is irreducible, then the preradical 1Y) s 1is irreducible.

Proof. By the condition r =t#s we have r > s, which ensures the existence
of the left coquotient r V4 s.

Let r beirreducible and r Y4 s = t1 A to for some preradicals ¢, to € PR.
If » =t#s for some preradical ¢, then by Proposition 3.17 7 = (r 4 s) # s, so
r = (t1 A t2) #s. Using the distributivity of coproduct of preradicals relative
to meet we obtain 7 = (1 #5) A (t2#s). Since r is irreducible, it follows
that r =t #s or r =ty #s. From Proposition 3.5 these relations have the
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form rYs >t or rVs >ty respectively. But r“s = t; A ta, hence
ty >rVys and to > rV s. Therefore we obtain Y, s =1%; or 7Y% s = ts.
So for every preradicals t1, to € PR with t;At; =7rY s wehave t1 =7V s
or tg =r Y s, which means that the preradical r ‘4 s is irreducible. O

Moreover, if the preradical r is prime, then its co-equalizer c¢(r) is prime
(I6))-

The operation of the left coquotient with respect to join implies some order
relations between the associated preradicals.

Corollary 3.21. 1) For every preradicals r,s € PR with r > s the following
relations hold:
TV S < (T s)#s<r < (r#s)%s<r#s;
2) If s is a radical, then:
S<rVs=(rs)#s<r<(r#s)%s=r#s
for every preradical r > s. (|

In conclusion we can say that in the class PR of the category R-Mod
two new operations are defined and investigated, namely, left quotient with
respect to meet and left coquotient with respect to join. These operations are
partial in the sense that they do not exist for any two preradicals, but only
under certain conditions. They possess a series of properties related with the
four operations of the class PR and are consistent with a series of a notions
and constructions from the theory of radicals.
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